Abstract: We prove that the Ellentuck, Hechler and dual Ellentuck topologies are perfect isomorphic to one another. This shows that the structure of perfect sets in all these spaces is the same. We prove this by finding homeomorphic embeddings of one space into a perfect subset of another. We prove also that the space corresponding to eventually different forcing cannot contain a perfect subset homeomorphic to any of the spaces above.
Let us recall next the topology E, see [5] .
Definition 2.3.
The topology of eventually different forcing on ω ω , denoted by E, is generated by the following sets. The topological space ω ω E is denoted by X E .
Note that X D and X E are both Baire spaces, i.e., no open set is meager, see [6, Lemma 1.2] and [5, Theorem 1.2] . We recall next the main notations and definitions from the paper [2] , see also [4] .
Definition 2.4.
The dual Ellentuck topology is generated by the sets defined below, termed dual Ellentuck neighborhoods. By a partition we mean a collection of pairwise disjoint, nonempty subsets of ω whose union is ω. By (ω) Proof. Take 
, ∈ NDB and = . So NDB contains no isolated points in X D .
Let us prove now that the set NDB is E-closed. Suppose that belongs to the closure of NDB in the eventually different topology and is not nondecreasing. Then we argue as in the previous case. On the other hand, suppose that is nondecreasing but not bounded. Then there exists ∈ ω ω such that ∀ ∈ω ∃ ∞ ( ( ) = ) and ∀ ∈ω ( ( ) = ( )). Define = ∅ and F = { }. Then E( F ) ∩ NDB = ∅ and ∈ E( F ). It follows that NDB is eventually different closed.
However, NDB consists of isolated points in X E . Suppose ∈ NDB is arbitrary and set 0 = max ran( ). Let ∈ ω be such that ∀ ≥ ( ( ) = 0 ), and choose ∈ ω ω such that ∀ ∈ω ( ( ) = ( )) and
For every ∈ ω ω let us define
Proof. Suppose that ∈ FINABOVE( ). It is not hard to see that if
Suppose that ∈ FINABOVE( ) and ∈ E( F ) for some ∈ ω <ω and F ⊆ ω
Then ∈ E( F ) ∩ FINABOVE( ) and = . It follows that FINABOVE( ) has no isolated points in X E .
Notice that one can prove that the set FINABOVE( ) is perfect in X D . In the same way we can prove that for every
Like in [10, Corollary 1.2], since a countable perfect set is a countable union of singletons we also have Corollary 3.3.
We adopt the following convention. For α β ∈ ω ≤ω , we will assume that α ≤ β means that α ≤ β on their common domain. This applies to α ⊥ β as well, which is short for α ≤ β and β ≤ α.
Definition 3.4.
The statement that a binary tree T = { α ∈ ω <ω : α ∈ 2 <ω } on ω is tangled means that for all ∈ ω and all α β ∈ 2 , 1. α0 < α1γ for all ∈ ω and γ ∈ 2 <ω , and
We say that a finite tree Theorem 3.5.
If T is a tangled binary tree on ω, then
is perfect in the dominating topology.
Proof. Suppose = α0 and let be an arbitrary initial segment of . We may assume without loss of generality that α is long enough to insure ⊆ α . Then α10 ∈ D[ ] ∩ E \ { } and therefore E has no isolated points. Suppose ∈ [T ] \ E. Then there is a strictly increasing sequence {β : ∈ ω} of finite binary sequences that end in 1 and such that = β . Suppose there is some ∈ D[∅ ] ∩ E, and write = α0 .
Choose ∈ ω such that |β | > |α|. This guarantees that β +1 \ α has at least two 1's in its range. Set = |β +1 | − |α|.
is classically closed and hence Hechler-closed and it follows that E is Hechler-perfect.
Theorem 3.6.

If a set is Hechler dense in some Hechler open set, then it contains a countable perfect set.
Proof. Suppose G is Hechler dense in some D[ ]. Choose ∅ ∈ G and put ∅ = ∅. Now for ∈ ω arbitrary, suppose
For all α ∈ 2 , define α0 = α and α0 = α0 2|α| + 2. It is now easy to define { α1 : α ∈ 2 } such that α0 < α1 , α1 is an extension of α of length 2|α| + 2, and β1 ⊥ γ1 for any two β and γ in 2 . To complete the recursion, choose
} which is clearly an ( + 1)-tangled tree.
Set T = S . It is easy to verify that T is tangled as well, and moreover that
which by Theorem 3.5 is perfect in X D .
We obtain the following.
Corollary 3.7.
Every Hechler−( ) 0 set X is a nowhere dense set in the topology X D .
Proof. By way of contradiction assume that X is Hechler−( ) 0 and Hechler dense in some D [N ] . Then by Theorem 3.6 we conclude that there is a Hechler perfect subset of X which is a contradiction.
Embeddability as a perfect subset
To make our results more transparent and simplify the notation used in this article, let us make the following Definitions 4.1.
Suppose that X and Y are topological spaces.
1. We say that X is topologically perfect embeddable in Y if there exists a perfect set P ⊆ Y which is homeomorphic to X . In this case we write X → Top Y .
2. We say that a bijection : X → Y is a perfect isomorphism if for each perfect set P ⊆ X the set [P] contains a perfect subset and the same holds for a set −1
[Q] and for each perfect set Q ⊆ Y ; see [1, Section 8] . In this case we say that X is perfect isomorphic to Y .
Theorem 4.2.
The space X EL is topologically perfect embeddable in X D , and there is a homeomorphism that carries X EL onto a nowhere dense perfect subset of X D .
Proof. The desired perfect set is
, where χ denotes the characteristic function. The proof that F is a homeomorphism will rely on the fact that A ⊆ B if and only if
The mapping F is continuous. To see this observe that for all
It follows that for all ∈ ω,
where (χ 
∈ ω ω }, and define the mapping Ψ :
The mapping Ψ is continuous. Take any ( P) and 0 ∈ ω ω such that P( 0 ) ∈ ( P). There exists 0 ∈ ω such that { ( ) :
The mapping Ψ is also open. Take any 0 ∈ ω ω and 0 ∈ ω. Fix any To see that P * is closed in the dual Ellentuck topology, suppose that P ∈ (ω) ω \ P *
. It can be shown that there exists ∈ ω such that (P[ ] Ω) ∩ P * = ∅, or (∅ P) ∩ P * = ∅. Moreover, P * has no isolated points. Suppose that ( P) ∩ P * = ∅ for some P ∈ (ω) ω , P. Since is a finite set we can find 0 ∈ ω such that ∩ {
: ∈ ω} = ∅ and find 0 ∈ ω ω such that P 1 = P( 0 ) ∈ ( P) ∩ P * . Define ∈ ω ω by the following.
It only remains to show that P * is nowhere dense in the dual Ellentuck topology. Suppose as before that ( P) ∩ P * = ∅ for some P ∈ (ω) ω , P. Take any P 1 ∈ ( P) ∩ P * . As before, since is finite we can find 0 ∈ ω such that ∩ {
: ∈ ω} = ∅ and find 0 ∈ ω such that ∀ ≥ 0 ({ ( 0 ) } ∈ P 1 ). Such 0 exists since
Theorem 4.5.
The space X dual is topologically perfect embeddable in X EL .
Proof. Fix any bijection
To see that the mapping Φ is continuous, suppose that X 0 ∈ (ω) ω and take any Ellentuck neighborhood 
To see this, observe that (
In the event that ∼ C is an equivalence relation, X C is obviously finite by ( † 
by ( †). It follows that [C ] ∩ P = ∅.
When ∼ C is not an equivalence relation we proceed by cases. Suppose ∼ C is not reflexive and fix ∈ ω such that
, is open in the standard (so also in the Ellentuck) topology and is disjoint from P. We can argue in the same way if ∼ C fails symmetry or transitivity. Thus again C can be isolated from P. Moreover, since P is homeomorphic to (ω) ω it has no isolated points and therefore is perfect. 
The original definition of perfect isomorphism in [1] was formulated for the case of Polish spaces, but it was defined above for any two topological spaces. Thus in general not all properties of perfect isomorphisms can be strengthened to the case of any topological space, but the property below does hold [1, Theorem 8.2 (a)→(c)].
Fact 4.7.
If : X → Y is a perfect isomorphism then for each Marczewski measurable set E ⊆ X , we have that [E] ⊆ Y is also
Marczewski measurable, and vice versa. The same holds for the case of ( ) 0 sets.
In fact, if the space X is perfect isomorphic to the space Y then they share any property expressed only in terms of perfect sets. Notice also that for the case of perfect Polish spaces every Borel isomorphism is a perfect isomorphism, see [1, p. 194] , but this may not be true in the case of non-Polish spaces.
Of course, if any space X is topologically perfect embeddable in the space Y then it is also perfect isomorphic to a perfect subset of Y , but not vice versa. As an example we have the following. Proof. The first property follows from the folklore fact that if P ⊆ ( 0 1 
The mapping φ is open as well, for suppose that D[ 0 N] is any Hechler neighborhood and fix M ∈ ω such that M > for < N and We have also a similar result that is related to Theorem 4.5.
Theorem 4.13.
The space X EL is perfect isomorphic to X dual .
Proof. By Theorems 4.2 and 4.4, we conclude that there exists a homeomorphic embedding of the Ellentuck topology onto a perfect subset of (ω) ω with the dual Ellentuck topology. On the other hand, by Theorem 4.5 there exists a homeomorphic embedding of the space (ω) ω onto a perfect subset of the Ellentuck topology. Combining this with the technique used in the proof of Theorem 4.12 we obtain the proof of our theorem.
In contrast, none of the spaces X EL , X D or X dual is perfect isomorphic even to a perfect subset of X E . This follows from an unusual fact about X E .
Proposition 4.14.
If C ⊆ ω ω is a countable set then the closure of C in the eventually different topology is also countable.
Proof. We will prove that the closure of C in X E is contained in ∈ ω ω : ∃ ∈C ∀ ∞ ( ( ) = ( )) , and since this last set is countable this will finish the proof. Take 
Corollary 4.15.
None of X EL , X D or X dual is perfect isomorphic to a perfect subset of X E .
